Abstract. While the existence of conformal mappings between doubly connected domains is characterized by their conformal moduli, no such characterization is available for harmonic diffeomorphisms. Intuitively, one expects their existence if the domain is not too thick compared to the codomain. We make this intuition precise by showing that for a Dini-smooth doubly connected domain Ω * there exists ǫ > 0 such that for every doubly connected domain Ω with Mod Ω * < Mod Ω < Mod Ω * + ǫ there exists a harmonic diffeomorphism from Ω onto Ω * .
Introduction
A complex-valued function f is called harmonic in a domain D if its real and imaginary parts are real-valued harmonic functions in D. The harmonic mapping problem asks when there exists a harmonic homeomorphism between two given domains Ω and Ω * . Note that the inverse of a harmonic mapping is in general not harmonic. Thus the harmonic mapping problem must take the order of the pair (Ω, Ω * ) into account. The research on this topic began with Radó's theorem [15] , which states that there is no harmonic homeomorphism h : Ω → C for any proper domain Ω C. Since conformal mappings are also harmonic mappings, the harmonic mapping problem for the case of simply connected domains is well documented, see for example [3, 4, 5, 10, 12, 15] .
A domain Ω ⊂ C is called doubly connected ifĈ \ Ω consists of two connected components, that is, continua in the Riemann sphereĈ. We say that Ω is non-degenerate if both complement components contain more than one point. Every non-degenerate doubly connected domain can be conformally mapped onto an annulus A(r, R) = {z : r < |z| < R}, 0 < r < R < ∞, where the ratio R/r is invariant under conformal mappings and this gives rise to the notion of the conformal modulus
Mod Ω = log R r .
Set Mod Ω = ∞ if Ω is degenerate. The harmonic mapping problem for doubly connected domains originated from the work of Johannes C. C. Nitsche on minimal surfaces. In 1962, he formulated a conjecture [11] which was proved by Iwaniec et al. [8] .
Theorem A. [8] A harmonic homeomorphism h : A(r, R) → A(r * , R * ) between annuli exists if and only if R * r * ≥ 1 2
The harmonicity of a mapping f : Ω → Ω * is also preserved under affine transformations of the target Ω * . Thus, it is natural to investigate neceessary and sufficient conditions for the existence of f in terms of the conformal modulus of Ω and an affine invariant of the target Ω * . To this end, Iwaniec et al. [9] introduced the concept of affine modulus.
A C-affine automorphism of C is a mapping of the form z → az + c with a, c ∈ C, a = 0. An R-affine automorphism of C, or simply affine transformation, takes the form z → az + bz + c with determinant |a| 2 − |b| 2 = 0. The affine modulus of a doubly connected domain Ω ⊂ C is defined by (1) Mod aff Ω = sup{Mod φ(Ω) : φ is an affine transformation}.
It is obvious that Mod aff Ω ≥ Mod Ω. We say that Mod aff Ω is attainable if there exists an affine transformation φ that attains the supremum in (1). In [9] , Iwaniec et al. obtained a necessary condition and a sufficient condition for the harmonic mapping problem.
Theorem B. [9]
If h : Ω → Ω * is a harmonic homeomorphism between doubly connected domains, and Ω is non-degenerate, then
where
, where λ(t) ≥ log t − log(1 + log t) 2 + log t , t ≥ 1.
Theorem C. [9] Let Ω and Ω * be doubly connected domains in C such that
Then there exists a harmonic homeomorphism h : Ω → Ω * unless C \ Ω * is bounded. In the latter case there is no such h.
There remains a gap between the two aforementioned results: namely, if Mod Ω is equal to Mod aff Ω * , or exceeds it by a small amount. If Mod aff Ω * = Mod Ω and Mod aff Ω * is attainable, then a harmonic homeomorphism exists, namely a composition of affine transformation with a conformal map. However, there is no existence result when Mod aff Ω * = Mod Ω and Mod aff Ω * is not attainable, or when Mod aff Ω * < Mod Ω. Thus, it is natural to pose the following problem. In this article, we examine the properties of the affine modulus and obtain the sufficient conditions for the affine modulus to be attainable in Section 2. In Section 3 we give the main result, which gives the answer to Problem 1. Since a case was missed in the proof of Theorem C in [9] , we complete its proof in §4.
Affine modulus
Throughout this section Ω is a doubly connected domain in C, possibly degenerate. One of the components ofĈ \ Ω is bounded and is denoted Ω b , while the other component is unbounded and is denoted by Ω u .
In [9] , Iwaniec et al. gave several examples whose affine moduli are not attainable. For example, the Grötzsch ring
They also gave two examples whose affine moduli are attainable. One is the annulus A(r, R), and the other is the Teichmüller ring
Yet another example is the double Teichmüller ring
The Möbius transformation
The Teichmüller ring has the following extremal property [1] .
Let Ω be any non-degenerate doubly connected domain with
For a compact set E ⊂ C, we define the width of E, denoted by w(E), as the smallest distance between two parallel lines that enclose the set. For connected sets this is also the length of the shortest 1-dimensional projection. By using the notion of width, analyzing and comparing the above examples, we obtain the following sufficient conditions for the affine modulus to be attainable.
(1) Ω b is not a line segment, and
where π θ (z) = Re e −iθ z , then there exists an affine transformation φ such that
Proof. The idea is to prove that affine transformations with large distortion reduce the conformal modulus of Ω to near zero. Since every affine transformation is a composition of φ α with conformal mappings, where φ α (x, y) = (x, αy), 0 < α < 1, it suffices to consider φ α . By the assumption that Ω b is not a line segment, we have w(Ω b ) > 0. Therefore, there exist points
By assumption, there exists a point s ∈ π 0 (Ω b ) ∩ π 0 (Ω u ) = ∅, where π 0 is the projection on the real axis. Hence, there exist t 1 and t 2 such that (s, t 1 ) ∈ Ω b and (s, t 2 ) ∈ Ω u . This implies that the distance d α between (φ α (Ω)) b and (φ α (Ω)) u converges to 0 as α → 0 for
It follows from Lemma D that
Recall that every affine transformation is a composition of φ α with conformal transformations, namely, translations, scalings and rotations. Therefore, we have
where f θ,α is a composition of φ α and a rotation of θ. Thus, there exists a sequence of {f θn,αn } such that
Mod f θn,αn (Ω) → Mod aff Ω, n → ∞. We claim that {α n } cannot converge to 0. Suppose on the contrary that α n → 0. We know that θ n → θ 0 ∈ [0, π]. Then (5) implies that Mod aff Ω = 0, which is a contradiction. So {α n } must converge to some α 0 ∈ (0, 1] and hence
If Ω is bounded, then condition (2) of Theorem 1 is satisfied. Therefore, we have the following wide class of domains whose affine moduli are attainable.
Corollary. Let Ω be a bounded non-degenerate doubly connected domain in C, where Ω b is not a segment. Then the affine modulus of Ω is attainable.
Although the affine moduli of both the annulus A(r, R) and the Teichmüller ring are attainable, there is difference between them: the modulus of the Teichmüller ring is invariant under affine transformations while the modulus of the annulus is not affine-invariant. This observation and the proof of Theorem C motivate us to obtain the following result. Proposition 1. Suppose that Ω ⊂ C is a doubly connected domain. Then the modulus of Ω is invariant under affine transformations if and only if Ω satisfies one of the following conditions.
(1) Ω is degenerate. Proof. Concerning the sufficiency: for domains of type (1) every affine image is degenerate. For domains of types (2) and (3), the complement is contained in a line, therefore every affine image is also a conformal image. Now suppose that the modulus of Ω is invariant under affine transformations. If Ω is degenerate, then we are in case (1), so we may assume that Ω is non-degenerate. If C \ Ω is not contained in a line, the argument in [9, p.1028] shows that the conformal modulus can be distorted by affine transformations. Thus, the complement of Ω must be contained in a line.
Since Ω is doubly-connected, the bounded component of the complement is a line segment, and the unbounded component consists of either one or two half-lines. This means that Ω is of the form (2) or (3).
main results
A curve γ is called Dini-smooth if its tangent vector γ ′ is uniformly continuous with a modulus of continuity ω such that the integral 0 ω(t)t −1 dt converges.
Theorem 2.
Let Ω * ⊂ C be a non-degenerate doubly connected domain whose boundaries are Dini-smooth Jordan curves. Then there exists ǫ 0 > 0 such that for every doubly connected domain Ω ⊂ C with
Mod Ω
there exists a harmonic homeomorphism h : Ω → Ω * .
Proof. By the Riemann mapping theorem, there exists an annulus A(1, R) and a conformal mapping f : A(1, R) → Ω * . Since the boundaries of Ω * are Dini-smooth Jordan curves, by Theorem 3.5 in [13] we know that f ′ is uniformly continuous and is bounded away from zero: there is c > 0 such that |f ′ | ≥ c in A(1, R).
Let Ω ǫ = A (1, (1 + ǫ)R) and h ǫ be the harmonic mapping on Ω ǫ satisfying that
Let g ǫ = h ǫ − f . The function g ǫ is harmonic on A(1, R) and
which together with the maximum principle yields that g ǫ → 0 uniformly on A(1, R) as ǫ → 0. We extend g ǫ to A(1/R, R) by using the reflection on the circle |z| = 1, where g ǫ (z) = 0. By the gradient estimate for harmonic functions [2, Corollary 1.4.2], we have
. To obtain the same convergence result on the remaining part of the annulus A (1, R) , we consider G ǫ (z) = h ǫ ((1 + ǫ)z) − f (z). Note that
and hence G ǫ (z) → 0 uniformly on A(1, R). We extend G ǫ to A(1, R 2 ) by using the reflection on the circle |z| = R. By the gradient estimate,
uniformly on A( √ R, R). From the above, we conclude that the derivatives of h ǫ uniformly converge to the corresponding derivatives of f on A (1, (1 + ǫ)R) . Therefore, there exists ǫ 1 > 0 such that for all ǫ < ǫ 1 we have
This implies that h ǫ is sense-preserving and locally univalent on A (1, (1 + ǫ) 
R).
Recall that h ǫ is a homeomorphism on the boundary of A (1, (1 + ǫ)R) . The argument principle shows that h ǫ is a homeomorphism from A (1, (1 + ǫ)R) onto Ω * .
Let ǫ 0 = log(1 + ǫ 1 ). If Ω is any doubly connected domain with
then it is conformally equivalent to A (1, (1 + ǫ)R) with 0 < ǫ < ǫ 1 , and the existence of a harmonic homeomorphism h : Ω → Ω * follows from the above.
Question 1. Does the conclusion of Theorem 2 still hold if the boundary of Ω is not assumed to be Dini-smooth?
The following result partially addresses Question 1. Proof. If Mod aff Ω * > Mod Ω * , then there exists an affine transformation φ such that
For this case, we can choose Ω = φ(Ω * ) and h = φ −1 . Part (2) follows from Remark 5.3 in [9] . In the proof of part (3), it is more convenient to work with double Teichmüller rings normalized by
Pick α ∈ (1, 3/2) and let Ω = G a 1/α , b 1/α . Consider the map h(z) = Re(z α ) + i Im z where z α is the principal branch. By construction, h is harmonic and h(Ω) = Ω * . Since (z α ) ′ has positive real part, it follows that h is a diffeomorphism (cf. Remark 5.3 in [9] ). It remains to show that
Therefore,
Similarly, we have 
Rearranging the above as
Theorems 2 and 3 partially solve Problem 1.
Completing the proof of Theorem C
In the proof of Theorem C, the authors of [9] considered separately the case when C \ Ω * is contained in a line in Subsection 4.3. Up to a linear transformation, a doubly-connected domain whose complement is contained in a line is either a Teichmüller ring or a double Teichmüller ring. Since only the first case was considered in [9] , we give the proof for the latter case below.
Proof. Up to a C-affine automorphism, we may assume that Ω * is the domain
Let b > 0 be a number to be chosen later. Define a piecewise linear function g : R → R by 
It is important to notice that the boundary of G b satisfies the quasi-arc condition uniformly with respect to b; that is,
for any three points on ∂G b such that ζ 3 separates ζ 1 and ζ 2 . By a theorem of Ahlfors [1, p. 49] φ b extends to a K-quasi-conformal mapping C → C with K independent of b. The latter can be expressed via the quasi-symmetry condition (see [14] or [7, Ch. 11 for all distinct points p, q, r ∈ C. Applying (7) to the triples −1, 1, t b and −1, 1, s b respectively, we find that By similar reasoning as in the case when Ω * is a Teichmüller ring [9, p. 1028], we conclude that h is a harmonic homeomorphism from F (s b , t b ) onto Ω * . Since Mod F(s b , t b ) = Mod Ω, these domains are conformally equivalent and the proof is completed.
